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We report on an ongoing calculation of hadronic matrix elements needed to parameterize K−K
mixing in generic BSM scenarios, using domain wall fermions (DWF) at two lattice spacings.
Recent work by the SWME collaboration shows a significant disagreement with our previous
results for two of these quantities. Since the origin of this disagreement is unknown, it is im-
portant to reduce the various uncertainties. In this work, we are using N f = 2+ 1 DWF with
Iwasaki gauge action at inverse lattice spacings of 2.31 and 1.75 GeV, with multiple unitary pi-
ons on each ensemble, the lightest being 290 and 330 MeV on the finer and coarser of the two
ensembles respectively. This extends previous work by the addition of a second lattice spacing
(a−1 ≈ 1.75 GeV). Renormalization is carried out non-perturbatively in the RI/MOM scheme and
converted perturbatively to MS.
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1. Introduction
Although CP violation in kaon decays was discovered almost fifty years ago [1], a complete
theoretical computation is still missing. As part of their kaon physics program, the RBC-UKQCD
collaborations are investigating direct and indirect CP violation [2, 3, 4] through kaon decays and
neutral kaon oscillation. See [5, 6, 7, 8, 9] for progress reported in this conference. The lattice
determination of four-quark weak matrix elements, combined with experimental values of direct
and indirect CP violation, provides crucial tests of the Standard Model and constrains new physics
scenarios.
Kaon mixing in the Standard Model, from the effective theory viewpoint, is predominantly
mediated by the single left-left ∆S = 2 four-quark operator O1 = [s¯γµLd][s¯γµLd]. Matrix elements
of this operator with kaon external states have been extensively studied in modern lattice QCD
simulations, achieving few-percent (or better) accuracy [10, 11, 12]. Models of new physics beyond
the Standard Model may be represented in the ∆S = 2 sector in terms of O1 plus seven additional
operators,
H∆S=2BSM =
5
∑
i=1
CiBSM(µ)O
∆S=2
i (µ)+
3
∑
i=1
C˜iBSM(µ)O˜
∆S=2
i (µ) , (1.1)
with
O1 =
[
s¯αγµ(1− γ5)dα
][
s¯β γµ(1− γ5)dβ
]
(1.2)
O2 =
[
s¯α(1− γ5)dα
][
s¯β (1− γ5)dβ
]
(1.3)
O3 =
[
s¯α(1− γ5)dβ
][
s¯β (1− γ5)dα
]
(1.4)
O4 =
[
s¯α(1− γ5)dα
][
s¯β (1+ γ5)dβ
]
(1.5)
O5 =
[
s¯α(1− γ5)dβ
][
s¯β (1+ γ5)dα
]
, (1.6)
and O˜1,2,3 are obtained from O1,2,3 by (1− γ5)→ (1+ γ5). The Wilson coefficients CiBSM(µ) are
model dependent, parameterizing the effects of heavy degrees of freedom for scales µ  MBSM.
It is thus of considerable interest to determine these matrix elements nonperturbatively in order to
constrain new physics scenarios (see e.g. [13, 14]). Some recent work by other groups can be found
in [15, 16, 17, 18].
Results for the matrix elements of (1.2)-(1.6) were reported in [19] and [20] using N f = 2+1
domain-wall fermions (DWF) generated by the RBC-UKQCD collaboration with a single lattice
spacing (a−1 ≈ 2.31 GeV). This calculation has now been repeated at a second lattice spacing
(a−1 ≈ 1.75 GeV). In Sec. 2 we present new results for the low-energy matrix elements on these
configurations, which we here express in terms of ratios [21]
Ri ≡ f
2
K
m2K
[
m2P〈P|Oi|P〉
f 2P〈P|O1|P〉
]
. (1.7)
In Sec. 3 we present some details of the renormalization procedure, in particular dealing with the
infrared poles that arise from the RI/MOM scheme kinematics. Sec. 4 discusses the heavy and light
mass dependences, and presents preliminary results for our continuum-chiral global fits, which we
are working to finalize and will be presented in a future publication.
2. Low-energy matrix elements
We use the RBC-UKQCD collaboration’s N f = 2+1 DWF ensembles with the Iwasaki gauge
action at two lattice spacings. These ensembles are described in detail in [22, 23], and the simu-
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extent a−1 [GeV] amseal (= am
val
l ) mpi [MeV] am
sea
h am
val
h am
phys
s
243×64×16 1.747(31) 0.005, 0.01, 0.02 330, 420, 560 0.04 0.03, 0.035, 0.04 0.0348(11)
323×64×16 2.310(37) 0.004, 0.006, 0.008 290, 340, 390 0.03 0.025, 0.03 0.0273(7)
Table 1: N f = 2+ 1 DWF ensemble parameters used in the present study. We use unquenched
light quarks and partially quenched heavy (strange) quarks, with the heavy masses straddling the
physical strange mass.
lation parameters used in this work are summarized in Table 1.1 We use unquenched light quarks
(mseal =m
val
l ) at several masses to allow extrapolation to the physical pion mass, while in the strange
sector we use a partially quenched setup with single sea-quark mass near the physical mass, and
several valence masses mvalh with which to interpolate to the physical kaon mass.
For each combination of ml and mh, we construct correlation functions of the operators of
interest between kaon interpolating operators. We use Coulomb gauge-fixed wall sources at times
ti and t f to obtain the correlation function (the dependence on ml and mh is left implicit)
ci(ti, t f , t) = 〈P¯(t f )Oi(t) P¯(ti)〉 (2.1)
for all times t. In the region ti t t f , the ratios of correlation functions
ri(ti, t f , t) =
ci(ti, t f , t)
c1(ti, t f , t)
(2.2)
plateau to a constant whose value is the ratio of matrix elements entering Rbarei (ml,mh) (cf. Eq. (1.7)).
Examples of the plateau regions obtained on the 243 ensemble, for ti = 0 and t f = 32, are shown in
Fig. 1.
3. Renormalization
The bare ratios Rbarei (ml,mh) depend on the lattice regularization and must be matched to a
continuum renormalization scheme to be useful in phenomenological applications. The bare and
renormalized four-quark operators are related by
OMSi (µ) =
Zi j
Z2q
MS
(µ)Obarej , (3.1)
where Zq is the wavefunction renormalization factor and Zi j is a matrix which decomposes into a
1×1 block and two 2×2 blocks according to the SU(3)L×SU(3)R chiral transformation properties
of the operators O1−5: O1 transforms as a (27,1), O2, O3 transform as (6, 6¯), and O4, O5 as (8,8).
The matrix ZMSi j (µ) is computed in two steps. We first match to an intermediate scheme, the
RI/MOM scheme, which is defined both on the lattice and in the continuum. This step is performed
non-perturbatively [24] and requires that the renormalization conditions be imposed at a scale
ΛQCD µ  pi/a. (3.2)
In practice, the presence of pion poles makes it difficult to satisfy the condition (3.2) in the RI/MOM
scheme and we must explicitly subtract these contributions from our data.
1We also refer to the ensembles as 243 (323) for a−1 ≈ 1.75 GeV (2.31 GeV).
3
A. T. Lytle
5 10 15 20 25 30
−15
−14.5
−14
−13.5
−13
−12.5
t/a
<
O
2
>
/
<
O
1
>
r2(t)
5 10 15 20 25 30
3
3.1
3.2
3.3
3.4
3.5
3.6
t/a
<
O
3
>
/
<
O
1
>
r3(t)
5 10 15 20 25 30
23.5
24
24.5
25
25.5
26
26.5
27
27.5
28
t/a
<
O
4
>
/
<
O
1
>
r4(t)
5 10 15 20 25 30
7.8
8
8.2
8.4
8.6
8.8
9
9.2
9.4
t/a
<
O
5
>
/
<
O
1
>
r5(t)
Figure 1: Correlator ratios ri(t) showing the fits to the plateau region (t = [13,22]) on the 243×64
ensemble, with amud = 0.005 and ams = 0.04. This data was obtained using 155 configurations.
The renormalization factors have the form
Z−1i j = Ai j+
Bi j
(am)
+
Ci j
(am)2
+Di j(am)+O
(
(am)2
)
. (3.3)
and the infrared sensitive terms Bi j, Ci j must be subtracted. Empirically we find that the double-
pole term is benign. Thus we fit (am)Z−1i j ∼ (am)Ai j+Bi j to determine the single-pole coefficient
Bi j, and then subtract this term from (3.3) to obtain subtracted elements Z
−1,sub
i j . We then expect
Z−1,subi j to behave linearly in am and we use a linear fit to determine the chiral limit. Fig. 2 shows
results in the (8,8) sub-matrix before and after subtraction, along with the chiral extrapolation of
the subtracted data. For those elements in which a pole is present the subtraction procedure has a
substantial effect and the resultant data is linear in (am).
We also carry out non-perturbative matching using the RI/SMOM scheme [22, 25]. This
scheme has reduced sensitivity to the infrared and in particular the pole behavior in (3.3) is absent.
It would be advantageous to use this scheme throughout the analysis, avoiding the substantial
numerical subtractions e.g. seen in Fig. 2. However the perturbative RI/SMOM→MS matching
factors are not presently known for the (6, 6¯) operators.
Once the relevant renormalization factors have been non-perturbatively determined, we con-
vert them to the MS scheme using continuum perturbation theory [22, 26, 27]. Both the renormal-
ization and matching are carried out at a scale of 3 GeV.
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Figure 2: NPR matrix elements of the (8,8) operators, in the RI/MOM scheme. Blue squares are
the raw data while black points show the data after pole subtraction and extrapolation to the chiral
limit.
4. Chiral and continuum extrapolations
The mass dependence of Ri(a,ml,mh) obtained from the light and heavy masses in Tab. 1 is
used to estimate Ri(a,mud ,ms) for the physical input masses mud and ms. We find both the ml and
mh dependence of the Ri to be rather mild, and in fact consistent with linear behavior over the
ranges studied. We linearly interpolate Ri in the heavy valence mass mh to match the physical input
mass ms. An example of this is shown in Fig. 3 (right). In the light quark sector we are restricted
to unphysically heavy pions and an extrapolation to lighter masses is required. We are exploring
different fit ansätze and at present are using the analytic fit form. Results from extrapolation using
this ansatz are shown in Fig. 3 (left).
Having tuned the ratios to lie on the same physical scaling trajectory for both lattice spac-
ings, we observe discretization effects that are somewhat larger than naively expected based on
experience with BK . To remove the leading discretization errors we employ a fit ansatz linear in a2.
We are also exploring global fits of the data, which after interpolating to the physical strange
on each ensemble have the form
Ri(a,m2P) = Ri(0,m
2
pi)+Ai(m
2
P−m2pi)+Bi a2 . (4.1)
Minimizing χ2 across all the data determines the parameters Ai, Bi, and in particular our best
determination of Ri(0,m2pi). Fig. 4 shows (preliminary) results of these global fits. We find that
the results from this method are consistent with those obtained by interpolating for each parameter
(mh, ml , a2) in succession.
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Figure 3: Quark mass dependence of the Ri’s. The left panel shows the dependence of R5 on the
light-quark mass, for the three values of valence strange used. The leftmost point shows the result
of linear extrapolation to the physical light-quark mass. The right panel shows the strange-quark
mass dependence for R1−5 (squares) along with the interpolation point of the physical strange mass
(diamond).
5. Conclusions
We have computed kaon matrix elements of BSM ∆S= 2 operators using N f = 2+1 DWF at
two lattice spacings, and at a variety of (unquenched) light quark masses and (partially quenched)
strange quark masses. Renormalization is carried out non-perturbatively in the RI/MOM scheme
and then converted to MS via perturbation theory. This renormalization scheme required a large
pion pole subtraction that is a source of systematic error. We are currently finalizing the global
continuum-chiral fits to our results and will present the results in a forthcoming publication.
New RBC-UKQCD ensembles have been generated at the same lattice spacings, but with
spatial extents of 483 and 643 and masses at the physical point [28]. We are running measurements
on these and plan to add this data to remove uncertainty from the extrapolation ansatz (4.1). We
have also carried out renormalization in the RI/SMOM scheme which will remove the systematic
error due to pole subtractions.
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